Elementary algebraic constraints on the form of an autocorrelation function C(t w + τ, t w ) ≡< A(t w + τ )A(t w ) > rule out some two-time scalings found in the literature as possible long-time asymptotic forms.
There are elementary model-independent constraints on the autocorrelation of an observable. For example, if A(t 1 ) is very correlated to A(t 2 ), and A(t 2 ) is very correlated to A(t 3 ), it is clear that A(t 1 ) cannot be uncorrelated from A(t 3 ). Such kinds of constraint has been long known for the autocorrelations of quantities in equilibrium, but, surprisingly enough, not been exploited in non-stationary 'aging' situations.
In the example above, if we consider the three normalized autocorrelation functions
, it should be possible to construct a spherical triangle on the unit sphere with sides subtending angles θ ij with cos(θ ij ) = C ij . This can be done if:
In order to derive such inequalities one considers times t 1 , ..., t r (throughout this paper times are adimensional) and the following expectation value:
This implies that any r × r matrix C ij has to be nonnegative, i.e. all its eigenvalues should be nonnegative. In particular, for three times r = 3, demanding that the determinant of C ij be positive we get (1).
Now, because what matters in this argument are only the values of correlations and their time-orderings, we immediately conclude that:
if a two-time correlation function C(τ + t w , t w ) satisfies the criterion (2), so does any time reparametrization C(h(τ + t w ), h(t w )), with any monotonic and otherwise arbitrary h. (Note that h acts on total times, rather than on time differences).
i) Conditions on the scaling variable
The simplest correlation form for an aging system is:
where we have set C aging (t w , t w ) = 1 and q is the Edwards-Anderson 'nonergodicity' parameter. Perhaps the most frequently used form for C aging (τ + t w , t w ) is 1,2 :
or, more generally:
To obtain g from experimental data, one computes the time τ * (t w ) for the correlation to fall to some value C * . This fixes g(t w ) = τ * (t w ), but one has to check that g(t w ) does not depend on the chosen value of C * .
Let us see that for any g(t w ) growing faster than t w (e.g. t µ w with µ > 1) this scaling form is inconsistent, in the sense that there can be no continuous large-t w limit for C 2 . In particular, the fitting procedure mentioned above necessarily fails to give an unique g(t w ) if taken to very long times.
We first consider the case in which the stationary part is absent (C 1 (τ ) = 0) and then show that the argument holds also for the more general form (3). Assume there is a smooth, nonincreasing scaling function C 2 . Choose three times t 1 < t 2 < t 3 such that t 1 >> 1 and 0 < C aging (t 2 , t 1 ) < 1 and 0 < C aging (t 3 , t 2 ) < 1. For this to be possible, the arguments in C 2
should be non-zero and finite. If µ > 1, this requires that, as t 1 → ∞:
should be finite numbers. Writing:
we notice that under these circumstances C aging (t 3 , t 1 ) → C 2 (∞): even though the two correlations C aging (t 2 , t 1 ) and C aging (t 3 , t 2 ) can be as close to one as one wishes, the third correlation C aging (t 3 , t 1 ) takes the smallest possible value (usually zero). Hence, the scaling implies impossible triangles, and it violates (1). The argument goes through for any g(t w ) that grows faster than t w .
In order to extend the reasoning to the general case (3), it suffices to note that one can replace the observables A(t i ) by a smoothed set:
and run the preceding argument for the normalized correlations of theÂ a (t i ). It is easy to check that for large a, the stationary part is ironed out, and the form (3) reduces to the one assumed in the previous paragraph. One can also check that a finite sum of terms (5) with some g(t w ) growing faster than t w still lead to impossible asymptotic scalings.
ii) Conditions on the scaling function.
We have shown that there are two-time scaling variables that are impossible as asymptotic scaling forms -whatever the form of the scaling function C 2 . Other scaling variables are in principle legitimate, although there are in those cases conditions on the scaling function.
Consider the stationary case, in which correlations depend on time-differences:
Then,
says that the Fourier componentsĈ(ω) are the eigenvalues, and the condition of positivity becomes the well-known positivity condition on the Fourier componentsĈ(ω). A similar condition can be found for the domain-growth correlation form:
with some monotonically increasing function L(t). Writing:
we realize that we are back in the stationary case, with this time a scaling functionC(x) ≡ C 2 (e x ), and the time-reparametrization h(t) = ln(L(t)). Furthermore, because the addition of two positive operators is a positive operator, we conclude that the additive form:
is admissible if each term is admissible separately.
iii) Superaging.
Consider a correlation having scaling form:
where the times are adimensional. The scaling happens in several real systems, it corresponds for example to logarithmic domain growth 4 . Let us show that:
For t w → ∞, we have that ln tw ln(τ +tw) ∼ 1/x for x > 1, and ln tw ln(τ +tw) ∼ 1 for
where Θ is the step function. The last relation becomes exact in the limit of large t w . The integral for x < = 1 yields 1, and for x > 1:
where we have used the form of ρ in (15).
Equation (15) shows that one obtains an admissible correlation functions as a superposition of infinitely many terms of the form (4) having µ > 1.
iii) Many time scales.
Consider the following definition of time scale: A different definition that arises naturally in the construction of the analytic solution of the aging dynamics of glass models 3,2 is the following:
Def.2 : Two correlation values c and c * belong to the same time scale if, given that C(t 2 , t 1 ) = c and C(t 3 , t 2 ) = c * , then C(t 3 , t 1 ) stays smaller than min(c, c * ) in the large times limit. Now, it is easy to check that with this definition the scaling (14) consists of a single time scale, and it can be taken by the reparametrization t → h(t) to the simple aging form.
We conclude that, depending on the definition of 'time scale', we have in this case one or infinitely many slow time scales! Hence, we have shown that definitions 1 and 2 are not in general equivalent.
The reason why Definition 2 is the natural one for the analytic treatment 3,2 is that this way of introducing time scales is insensitive to time-reparametrizations t → h(t), since times enter only through their ordering. This is not the case of Definition 1, under which a one-time scale dependence tw τ +tw becomes an infinite-time scale dependence upon reparametrization t → ln t. Physically, robustness with respect to time-reparametrizations is a relevant feature of a characterization of slow dynamics since in such systems a very weak perturbation can have the effect of time-reparametrising the aging part of the correlations and responses. The most clear examples of this are the growth law of domains in coarsening systems -which is taken from power law to logarithmic by an arbitrarily weak pinning field, and the effect of shear in soft glasses, which eliminates aging altogether.
In conclusion, we have emphasized that a two-time scaling is not a generic function of two variables, but has limitations that become manifest when one considers three succesive times.
